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Abstract 

We consider the (pure) braid groups B n (M) and P n (M), where M is the 2-sphere § 2 or the 
real projective plane M.P 2 . We determine the minimal cardinality of (normal) generating sets 
X of these groups, first when there is no restriction on X, and secondly when X consists of 
elements of finite order. This improves on results ofBerrick and Matthey in the case ofE> 2 , 
and extends them in the case ofWP 2 . We begin by recalling the situation for the Artin braid 
groups (M = D 2 ). As applications of our results, we answer the corresponding questions 
for the associated mapping class groups, and we show that for M = S 2 or M.P 2 , the induced 
action ofB n (M) on H^,(P n (M); Z) is trivial, F n (M) being the n configuration space ofM. 



1 Introduction 



The braid groups B n of the plane were introduced by E. Artin in 1925 [A1UA2] , Braid 



groups of surfaces were studied by Zariski (Zj. They were later generalised by Fox to 
braid groups of arbitrary topological spaces via the following definition [FoNJ. Let M 
be a compact, connected surface, and let n e N. We denote the set of all ordered n-tuples 
of distinct points of M, known as the n configuration space of M, by: 

F„(M) = {(pi, . . . ,p n ) | Pi e M and p t # pj if i # /} . 
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Configuration spaces play an important role in several branches of mathematics and 
have been extensively studied, see IICGl lFHl for example. 

The symmetric group S n on n letters acts freely on F n (M) by permuting coordinates. 
The corresponding quotient will be denoted by D n (M). The n pure braid group P n (M) 
(respectively the n braid group B n (M)) is defined to be the fundamental group of F n (M) 
(respectively of D n (M)). We thus obtain a natural short exact sequence 

1 — P M (M) — B„(M) S n — 1. (1) 

If D 2 c MP 2 is a topological disc, there is a group homomorphism i : B n — ► B n (M) 
induced by the inclusion. If B e B n then we shall denote its image i(B) simply by B. 

Together with the 2-sphere S 2 , the braid groups of the real projective plane RP 2 
are of particular interest, notably because they have non- trivial centre |VB, GG2J, and 
torsion elements ||VBHMu| . Indeed, Fadell and Van Buskirk showed that S 2 and RP 2 are 
the only compact, connected surfaces whose braid groups have torsion. Let us recall 
briefly some of the properties of the braid groups of these two surfaces as well as those 
of the 2-disc D 2 ISnEaiFVBllGVBllGG2l lHl lsfellVBI . 

Let nel The Artin braid group B n , which may be interpreted as the braid group 
of D 2 , is generated by o~\, . . . , o~ n _i that are subject to the following relations: 

cTiCTj = CjCi if \i —j\ ^2 and 1 < i,j < n - 1 (2) 
o~iO~i + iO~i = (7 !+1 (r l (7 I+ i for all 1 < i < n — 2. (3) 

The sphere braid group B„(S 2 ) is also generated by cf\,. . . ,o~ n -i, subject to the rela- 
tions (O and (O, as well as the following 'surface relation': 

0\ ■ ■ ■ 0- n -20-n-lO- n -2 '"0-1 = 1. (4) 

Consequently, B M (§ 2 ) is a quotient of B n . The first three sphere braid groups are finite: 
Bi(§ 2 ) is trivial, B2(S 2 ) is cyclic of order 2, and B3(S 2 ) is isomorphic to the dicyclic 
group of order 12 (the semi-direct product Z3 x Z4 with non-trivial action). For n ^ 4, 
B M (§ 2 ) is infinite. The Abelianisation of B n (resp. B M (S 2 )) is isomorphic to Z (resp. the 
cyclic group %2(n-l))' where the Abelianisation homomorphism identifies all of the o~[ 
to a single generator of Z (resp. of Z 2 („_i)). 

It is well known that B n is torsion free. Gillette and Van Buskirk showed that if 
n ^ 3 and k e N then B n (§ 2 ) has an element of order k if and only if k divides one of In, 
2(n — 1) or 2(n — 2) [GVB]. The torsion elements of B M (S 2 ) were later characterised by 
Murasugi: 

Theorem 1 (Murasugi ||Mu | l ). Let n ^ 3. Then up to conjugacy, the torsion elements of 
B„(S 2 ) are precisely the powers of the following three elements: 

(a) olq = 0\ ■ ■ ■ Cn-iOn-i (which is of order 2n). 

(b) oil = 0\ ■ ■ ■ On-20^-1 (of order 2{n - I)). 

(c) oc 2 = Oi ■ ■ ■ o n - 3 o%_ 2 (of order 2(n - 2)). 

The three elements Oio, Oil and 012 are respectively n, (n — 1) and (n — 2) roots of A 2 , 
where A 2 is the so-called 'full twist' braid of B M (S 2 ), defined by A 2 = (oj • • • o~ n -i) n . In 
other words: 

a g = a n - x = 0L n 2 - 2 = A 2 . (5) 
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So B w (§ 2 ) admits finite cyclic subgroups isomorphic to Z 2w , Z 2 („_i) an d Z 2 ( w _ 2 ). I n [GG31 
Theorem 3], we showed that B w (§ 2 ) is generated by &$ and ot\. If n ^ 3, A 2 is the unique 
element of B w (§ 2 ) of order 2, and it generates the centre of B n (§ 2 ). It is also the square 
of the Garside element (or 'half twist') defined by: 

A„ = Oi ■ ■ ■ a^xXVx • • • (7 M _ 2 ) • • • Oi^yi- (6) 

Now let us turn to the braid groups of MP 2 . A presentation is given by: 

Proposition 2 (flVHH). The following constitutes a presentation of the group B n (RP 2 ): 

generators: (r lf . . . , cr^, p lt . . . , p n . 
relations: 

(i) relations @ and ©. 

Hi) (TiPj = pfifor] i,i + 1. 

(Hi) pi + \ = c r ^ x piC r ^ x for 1 < i < n — 1. 

(z'y) pT^pT 1 p iJrX p { = a 2 for 1 < / < n - 1. 

fa) p 2 = £7i£r 2 • • • cr„_ 2 £r 2 _ 1 cr M _2 . . . cr^. 

For n 2, the Abelianisation of B n (RP 2 ) is isomorphic to Z 2 Z 2 , the Cj (resp. 
jOy) being identified to a generator of the first (resp. second factor). A presentation of 
P n (RP 2 ) was given in [GG4, Theorem 4] (note however that the generators pi given 
there are slightly different from those of Van Buskirk). The first two braid groups of 
RP 2 are finite: Bi(MP 2 ) = P^MP 2 ) s Z 2/ P 2 (MP 2 ) is isomorphic to the quaternion 
group 0,8 of order 8, and B 2 (MP 2 ) is isomorphic to the generalised quaternion group 
Qi6 of order 16. For n ^ 3, B f1 (MP 2 ) is infinite. The finite order elements of B n (RP 2 ) 
were also characterised by Murasugi [Mut Theorem B], however their orders were not 
clear, even for elements of P n (MP 2 ). In ||GG2i Corollary 19 and Theorem 4], we proved 
that for 2, the torsion of P„(MP 2 ) is 2 and 4, and that of B„(IRP 2 ) is equal to the 
divisors of 4n and 4(n — 1), and in IIGG51 Section 3] we simplified somewhat Murasugi's 
characterisation. 

Following IIGG21 Sections 3 and 4], set 

a = pnCn-l ■■■0-\ 
b = p n -\0~n-2 ■■■0-\ 

and 

A = a n = p n ---p\ 
B = *>"-' =p„-vPl- 

These elements play an important role in the analysis of B M (1RP 2 ), and in particular in 
the study of many of its finite subgroups. By BGG21 Proposition 26], a and b are of order 
4n and 4(n — 1) respectively, so A and B are of order 4. Further, by IIGG51 Proposition 
10], any element of order 4 in P„(IRP 2 ) is conjugate via an element of B„(RP 2 ) to A or 
B. However, the number of conjugacy classes in P M (1RP 2 ) of order 4 elements was not 
known. A na'ive upper bound for this number, 2ft!, may be obtained by multiplying the 
number of conjugacy classes in P„(MP 2 ) by [B M (MP 2 ) : P n (IRP 2 )]. In Proposition [TTT we 
shall compute the exact value. 
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If r is a group, let T Ab denote its Abelianisation. For X a subset of T, let (X) denote 
the subgroup of T generated by X, and let «X)> denote the normal closure of X in T. 
Then T is generated (resp. normally generated) by X if I = (X) (resp. T = ((X))). It is a 
natural question as to whether T = (X) is (normally) generated by a finite subset or not. 
If it is, one can ask the following questions: 

Question 1: compute 



the minimal number of elements among all (normal) generating sets of T. 
Question 2: we can refine Question [T] if we impose additional constraints on the ele- 
ments of X. We shall say that a group T is torsion generated (resp. normally torsion gener- 
ated) if there exists a subset X of elements of T of finite order such that T = (X) (resp. 
T = «X))). If there exists a finite set X satisfying this property then one may ask to 
compute: 



the minimal number of elements among all (normal) generating sets of G consisting of 
finite order elements. 

We have the following implications between the various notions: 

torsion generated =^ generated =^ normally generated 

torsion generated => normally torsion generated normally generated. 

These relations imply that if the given numbers are defined for a group T then: 



As a special case, recall from [BMa, BMiJ that if k ^ 2, T is said to be strongly k-torsion 
generated if there exists an element g^ e I of order k such that T = In other words, 

T is strongly k- torsion generated for some k e N if and only if NTG(r) = 1. In [BMa], 
Berrick and Matthey considered the problem of strong torsion generation for various 
groups, among them the braid groups of § 2 and MP 2 , and they proved the following 
result. 

Proposition 3 ( ||BMal Proposition 5.3]). The normal closure of the element cl\ has index 
gcd(n,2) in B n (S 2 ). In particular, for n odd, B n (S> 2 ) is strongly 2(n — l)-torsion generated. 

The question of the strong fc-torsion generation of B n (WP 2 ) is mentioned in [BMa, 
page 923], although no result along the lines of Proposition [3] is given. The aim of this 
paper is to determine in general the numbers G(r) and NG(r) where T = B n (M) for 
M = D 2 ,§ 2 or MP 2 , and the numbers TG(T) and NTG(r) where T is one of B„(§ 2 ) or 
B n (MP 2 ), as well as to find generating sets that realise these quantities. In a similar 
spirit, we shall also discuss these problems for the corresponding pure braid groups 
and their Abelianisation. For B n , the results are well known, but since we were not able 
to find a proof in the literature, we shall discuss this case briefly in Section |2[ 



G(r)=min{|X| | T is generated by X } , and 
NG(r) = min { | X| | T is normally generated by X } , 



TG(r) = min { |X| | T is torsion generated by X } , and 
NTG(r) = min { | X| | T is normally torsion generated by X } , 



NG(r) G(r) ^ TG(r) and 
NG(r) ^ NTG(r) < TG(r). 



(9) 
(10) 
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Proposition 4. Let n^2. 

(a) G(B n ) = <( ^ n ^ Furthermore, for all n ^ 2, ((c7i)) = B„, so NG(B„) = 1. 

I 2 z/n ^ 3. 

(b) NG(P M ) = G(P„) = G(P/ fe ) = n(n l)/2. 

We turn to the case of the sphere in Section |3l The following result extends that of 
Proposition [3j and also treats the case of P M (§ 2 ). Note that if n ^ 3, A 2 is the unique tor- 
sion element of P n (S 2 ), and so if n ^ 4, P M (§ 2 ) cannot be (normally) torsion generated. 

Theorem 5. Lei n ^ 3, and for i = 0, 1, 2, Zef a z - be as defined in Theorem^ 
(a) G(B W (§ 2 )) = 2, NG(B W (§ 2 )) = 1 and TG(B„(§ 2 )) = 2. 

Jf n is even, there is no torsion element o/B w (S 2 ) whose normal closure is B„(§ 2 ). Further- 
more, B n ($ 2 )/ ((a^) ^ Z 2 - 

12 if n is even. 

(d) The quotient o/B M (§ 2 ) by f/ze normal closure of either ocq or &i is isomorphic to Z w _i, unless 

n = 3 and i = 2, in which case B^S 2 )/ ((#2)) = S3. 

fe> G(P M (S 2 )) = NG(P M (§ 2 )) = G(P M (S 2 )^) = (n(n 3) + 2)/2. 

Part (jcj) includes Berrick and Matthey's result given in Proposition [3] 

In Section HI we consider the braid groups of RP 2 , and obtain the following results: 

Theorem 6. Let n ^ 2, and let a and b be as given in equation 0. 

(a) The group B n (RP 2 ) is generated by {a,b}, and G(B„(RP 2 )) = TG(B„(RP 2 )) = 2. 

(b) The normal closure of any element of B n (RP 2 ) is a proper subgroup of B M (RP 2 ), and 
NG(B„(RP 2 )) = NTG(B„(RP 2 )) = 2. In particular, B„(RP 2 ) is not strongly k-torsion 
generated for any ieN. 

(c) The quotient o/B„(RP 2 ) by either ((a)) or by ((b)) is isomorphic to 7L 2 . 

(d) The group P n (RP 2 ) is torsion generated by the following set of torsion elements: 

Y= {a n ,b n ~\a- 1 b n - 1 a,...,a-( n - 2 h n - 1 a n - 2 } (11) 

of order 4. Further, 

G(P„(RP 2 )) = NG(P„(RP 2 )) = TG(P M (RP 2 )) = NTG(P„(RP 2 )) = n. (12) 

In particular, P W (RP 2 ) cannot be normally generated by any subset consisting of less than n 
elements. 

Part dbj) thus answers negatively the underlying question of ||BMa| concerning the 
strong A:- torsion generation of B M (RP 2 ). 

In Section |5[ Proposition |4] and Theorems [5] and [6] will be applied to obtain similar 
results for the mapping class and pure mapping class groups of the given surfaces. As 
another application, in Section [6] we prove the triviality of the action on homology of 
the universal covering of the configuration space of the braid groups of S 2 and RP 2 : 

Proposition 7. Let M be equal either to S 2 or to RP 2 , letn^3 ifM = S 2 and n ^ 2 ifM = 
RP 2 , and let H be any subgroup of B n (M). Then the induced action of H on H^(F n (M);Z) s Z 
is trivial. In particular the action ofP n (M) and B n (M) on Hs(F n (M);Z) is trivial. 
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2 Generating sets of B n and P n 

It is a classical fact that B n and P n are finitely presented, a presentation of the latter 
being given in (HI Appendix 1]. Although the results of Proposition |4] concerning the 
Artin braid groups are well known, we were not able to find an explicit statement in 
the literature, so we give a brief account here. Before doing so, we state the following 
result which allows us to compare the minimal number of generators of a group and its 
Abelianisation, and which will prove to be useful in what follows. 

Proposition 8. Let Ti, T2 be groups, and let cp : Ti — > T2 be a surjective group homomorph- 
ism. IfTi is finitely generated then so is T2, and we have the inequalities G(Ti) > G(r2) and 
NG(ri) > NG(r2). In particular, if I2 = ^\ Ah md <p is Abelianisation, G(Ti) ^ NG(P[) ^ 
G(r! Ab ). 

Proof Straightforward. □ 

We now prove Proposition |U 
Proof of Proposition |U 

(a) If n = 2 then B2 = Z, and the statement follows easily. The case n ^ 3 is a con- 
sequence of [MK, Chapter 2, Section 2, Exercise 2.4] of which a generalisation may be 
found in IIGG71 Lemma 29]. Indeed, by induction we have: 

(0-^2 ■ ■ ■ c- n _i) l o-i(o-iO- 2 ■ ■ ■ Vn-iY 1 = o- i+ i for i = 1, . . . ,n - 2, 

which implies that B n = (a\, o~i&2 ■ ■ ■ o~ n -i)- Bn is non cyclic, and so G(B n ) = 2. This 
calculation also shows that B n = ((c>i)>, and thus NG(B M ) = 1. 

(b) Using the presentation of P n given in (HI Appendix 1], we see that that P n Ah is a 
free Abelian group of rank n(n — l)/2 with a basis comprised of the r2(P n )-cosets of the 
standard generators 

A,j = o-j-i ■ ■ ■ oi+iofar^ ■ ■ ■ o- hl/ 1 < i < j ^ n, (13) 

of P n , and denoted in |H1 by flj j (here r2(P n ) denotes the commutator subgroup of P n ). 
Thus G(P„) > NG(P M ) ^ G(P„ Ab ) = n{n - l)/2 by Proposition E But P n is generated by 
the A{i, so n(n — l)/2 ^ G(P„), and the result follows. □ 
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3 Generating sets of B n (§ 2 ) and P n (§ 2 ) 

Since the group B w (§ 2 ) is a quotient of B n and B„(§ 2 ) is not cyclic if n ^ 3, the statement 
of Proposition HKlJ) remains true if we replace B n by B M (§ 2 ). But for the case of B M (§ 2 ), 
we can refine our analysis by looking at generating sets consisting of elements of finite 
order. It was proved in IIGG31 Theorem 3] that B M (§ 2 ) = (ao/#i)/ and oci being the 
elements of Theorem [H By Proposition [3], if n is odd, B„(S 2 ) = and thus B M (S 2 ) 

is strongly 2(n — l)-torsion generated in this case. If n is even, the same proposition 
shows that ((#1)) is a subgroup of B M (S 2 ) of index 2. In Theorem [51 we improve these 
results somewhat. We now proceed with the proof of that theorem. 

Proof of Theorem \5\ 

(a) Propositions I and i imply that G(B M (§ 2 )) = 2 and NG(B„(§ 2 )) = 1, using the 
fact that B W (S 2 ) is non cyclic and is a quotient of B n . Since B M (S 2 ) = (ao,ai) IIGG31 
Theorem 3], it then follows that TG(B W (S 2 )) = 2. 

(b) Equations ©, © and ® imply that for n ^ 2, (B„(§ 2 )) Ab =s Z 2(n _ 1) , where the 
Abelianisation homomorphism cp : B )X (S 2 ) — > (B w (§ 2 )) Ab identifies the standard gener- 
ators o~\, . . . , o~ n _i of B n (S 2 ) to the generator 1 of ^2(n-i)> an d sends #0, oc\ and #2 to n — 1, 
n and n — 1 respectively. If z' e {0,2}, or if z = 1 and n is even then ((p(&i)) ^ (B„(§ 2 )) Ab , 
and so 7^ B„(S 2 ). The first part of the statement is then a consequence of The- 
orem [0 and the second part follows from Proposition |3l 

(c) If n is odd, the result follows from Proposition [3J, while if n is even, we see by 
equation ® that NTG(B W (§ 2 )) = 2 because G(B n (§ 2 )) = 2 and NTG(B„(S 2 )) * 1 by 
part ©. 

(rf) We first treat the exceptional case n = 3 and i = 2. In this case, 0.2 = c 2 is a non- 
trivial torsion element of P3(§ 2 ), so is equal to A 2 , which generates Ps(§ 2 ). The fact 
that B3(S 2 )/ ((#2)) = S3 is a consequence of equation (Q}. So suppose that i e {0,2}, but 
with i = if n = 3. The map which sends each o~j, j = 1, . . . , n — 1, to the generator 
1 of extends to a surjective homomorphism xp: B W (S 2 ) — * %n-l- Since ^(aj = 
and the target is Abelian, we see that ((a*)) Ker (z/>) and thus ip factors through 
B„(S 2 )/((a;/)). In particular, the order of B„(§ 2 )/ ((«/)) is at least n — 1. If z = 0, the fact 
that B f1 (§ 2 ) = (ao/ a i) implies that B M (S 2 )/ ((^q)) is generated by the coset of a.%, so is 
cyclic. Using equation (0), it follows that B M (§ 2 )/ ((#0)) is of order at most n — 1, from 
which we deduce that it is cyclic of order exactly n — 1. Now suppose that z = 2, so 
n ^ 4, and let Q = B f1 (§ 2 ) / ((#2))- By abuse of notation, we shall denote the projection 
of an element x s B n (S 2 ) in Q by x. We will show that 

(7i = • • • = tr„_i in Q. (14) 

To do so, we shall prove by induction that o~ n _2-i = Vn-2 in Q for all 1 < z'^ ft — 3. For 
the case i = 1, we first multiply the relation 0.2 = 1 in Q on the left-hand side by c n _ 2 , 
so: 

0~n-2 = Vn-l&l = 0~ n -20~\°'2 • • • Cn-^n-Z^n-l = °~l°~2 ■ ' ' 0~n-4 cr n-2°'n-3 cr n-2 'n-2 
= o-\0-2 ■ ■ ■ c r «-3C r «-2C r n-3C r «-2 = K20'n-2 (r n~30~n~2 using equation ©, 

-1 

which in Q implies that cr n _ 2 = o~~_ 2 °~n-3°~n-2' hence cr n _3 = o~ n -2- Now suppose that 
(7 M _2-2 = cr n -2 in Q f° r some 1 < i < ft — 4. Since (n — 2) — (ft — 3 — t) = 1 + z ^ 2, by 
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equations (2) and © and the induction hypothesis, we have: 

-l -l -l 

Ch-2 = 0'n-3-i cr n-2 cr n ^3^i = ^n-Z-i^n-l-i^nS-i = °~ n -2-i 'n-3-i 'n-2-i 
= a n-2 (T n-3-i 'n-2 = &n~3-v 

from which it follows that o~\ = • • • = C7" n _2 in Q by induction. Since n ^ 4, in Q we 
obtain similarly: 

-l -l -l -l 

which yields equation (|T4)) . Denoting the common element cr, in Q by (7, we see that Q 
is cyclic, generated by a, and that cr"" 1 = 1 in Q because 0:2 is trivial in Q. This implies 
that Q is a quotient of Z„_i, and since Q surjects onto Z n _i, it follows from above that 
Q s Z n _j as required. 

(e) By MGGll Theorem 4(i)], we have the following isomorphism: 

P M (§ 2 ) S P w _ 3 (S 2 \{Xl,X2,X3})eZ 2 , (15) 

where the Z2-f actor is generated by A 2 . Using the presentation given in [GG3, Propos- 
ition 7], P„_3(§ 2 \ {x\,xi, X3}) admits a generating set X = {Ajv I 4 < / < n, 1 < i < ;'} 
consisting of (n — 3) (n + 2) /2 elements, where Au is as defined in equation (|T3|) . For 

each; = 4, . . . ,n, the surface relation fO^i \ Y\!k=j+i Aj,k) = 1 allows us to delete 

the generator A\i from X, yielding a generating set X' = {Ajv | 4 < / < n, 2 < z < /} 
consisting of n(n — 3)/2 elements, so 

G(P„(§ 2 )) < (n(n- 3) +2)/2 (16) 

by equation ((T5l> . Furthermore, the set X' is just now subject to the remaining Artin 
braid relations (the those given at the top of MGG31 page 385]) of the presentation of 
£«-3(S> 2 \ {x\, X2,X3}), rewritten in terms of the elements of X'. These relations may be 
written as commutators of elements of X', and so collapse under Abelianisation. Thus 
(P M _3(S 2 \{xi,X2/^3})) Ab = Z M ( M-3 )/ 2 , for which a basis is given by the cosets of the 
elements of X'. We deduce from equation (15) that (P„(§ 2 )) Ab s Z M ("- 3 V 2 Z 2 , and 
so G((P n (S 2 )) Ab ) = (n(n - 3) + 2)/2. The result then follows from Proposition E and 
equation (T6). □ 



4 Generating sets of B n (RP 2 ) and P n (RP 2 ) 

We now consider the case of the braid groups of the projective plane, and prove The- 
orem [6l 

Proof of Theorem \6\ 

(a) As we mentioned just after equation (7), a and b are torsion elements. Since B n (RP 2 ) 
is non cyclic for n ^ 2 (its Abelianisation is Z2 © Z2 by Proposition |2), we thus have 
G(B„(IRP 2 )) ^ 2. Let L be the subgroup of B n (RP 2 ) generated by {a, b). By equation 0, 
we have: 

ab^ 1 = (p n o- n -i ■ ■ ■ (Ti){p n -icr n -2 ■ ■ ■ c^ 1 = p n o- n _ip~\ = v~\, 
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using relation ((ml) of Proposition |2l so d n -\ e L. From ||GG2[ page 777], a)v n ^\ari = 
Cn-j-l ror all 7 = I, ... ,n — 2, and so cr z e L for all z = 1, . . . , n — 1. Hence jO n e L by 
equation 0, and again by MGG21 page 777], it follows that 

a ] p n a~ ] = p n _j for all ; = 1, . . . , n — 1, (17) 

and so p, e L for all i = l,...,n. Proposition |2] implies that L = B W (RP 2 ), and so 
TG(B„(RP 2 )) = 2. Equation ® then forces TG(B M (RP 2 )) = G(B W (RP 2 )) = 2. 
(W Since (B M (RP 2 )) Ab Z 2 0Z 2 , we have G((B„(RP 2 )) Ab ) = 2. It follows from part ©, 
Proposition i and equation ((10]) that NG(B„(RP 2 )) = NG(B„(RP 2 )) = 2, in particular 

«x>> c B W (RP 2 ) for all x e B n (RP 2 ). 

fc> Let x e By part ®, «x» ^ B„(RP 2 ). Since B W (RP 2 ) = (a,b) by part ©, 

B„(RP 2 )/«x>> is cyclic, so Abelian, and thus the projection B W (RP 2 ) — > B„(RP 2 )/«x» 
factors through (B n (RP 2 ) ) Ab =s Z 2 Z 2/ from which it follows that B„ (RP 2 ) / «x» s Z 2 . 
(rf) Recall from IIGG21 Corollary 19] that the torsion elements of P M (RP 2 ) are of order 
2 or 4, and the only element of order 2 is the full twist. By arguments similar to those 
of ||GG4l Theorem 4], one may see that P„(RP 2 ) is generated by 



A i/jr p k | 1 < i < j < n, 1 < k < n), (18) 



where Au is given by equation ((131) and p^ is that of Proposition |2] (beware however 



that the elements pi of [GG4] differ somewhat from those of Proposition |2]>, and that 
(P w (RP 2 )) Ab s Zf, where under the Abelianisation homomorphism £ : P„(RP 2 ) — > Zg, 
Pfc is sent to the element (0, . . . , 0, ^__1__, , 0, . . . , 0) of Z 2 , and for all 1 < i < j < n, 

fc th position 

A^v is sent to the trivial element. Proposition [8] thus implies that NG(P n (RP 2 )) ^ 
G((P„(RP 2 )) Ab ) = n. In order to obtain equation ((12]), it suffices by equations © 
and ([T0l> to show that TG(P„(RP 2 )) ^ n. We achieve this by proving that the set Y 
described by equation ([TT]) consists of torsion elements and that it generates P M (RP 2 ). 
The first assertion follows immediately from the fact that a and b are of finite order (re- 
call from equation © that a n and b n ~ l are both of order 4, hence all of the elements of 
Y are of order 4). It remains to show that P M (RP 2 ) = (Y). To do so, first observe that by 
the relation 

1 1 

Pj Pi PjPi = Ai,j for all 1 < / < / < n 

given in IIGG21 Lemma 17], it follows using equation ((18]) that P„(RP 2 ) is generated by 
{pi, ... ,p n } (note that the elements denoted by B,- in IIGG21 are the elements Au of this 
paper). From equation ([8]), AB 1 = p n , and applying equation ((17), we see that for 
/ = 0, 1, . . . , n - 1, 

ar\AB- x )a) = A. a^B' 1 ^ = p n -j. (19) 

Thus (A,a-iBai,j = 0,1,..., n - l) = (pi,...,p n ) = P n (^P 2 )- But A = p„---piby 
equation ([8]), and so 



-(n-iJB-^"- 1 = A~Vi = A- 1 ^ 1 • • • p-^A = A 1 f] (fl M - 2 ^B^' +2 - n . A" 1 ) . A 
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by equation ((T9l> . We can thus remove a _ ( n_1 )B _1 a n_1 from the list of generators, and 
so P n (IRP 2 ) = (Y), which proves the first part of the statement. Since the elements of Y 
are of order 4, we obtain the inequality TG(P„(MP 2 )) < n as required. □ 

We finish this section by computing the number of conjugacy classes in B n (RP 2 ) of 
elements of order 4 lying in P M (RP 2 ). Before doing so, we determine the centraliser of 
the elements a and b in B M (RP 2 ). If T is a group and y e T, we denote the centraliser of 
y in T by Zp(y), and the centre of T by Z(T). A sketch of the following result appeared 
in IIGG51 Remark 24]. Note that line 5 of the final paragraph of that remark should read 
'are maximal finite cyclic subgroups', and not 'are maximal finite subgroups'. 

Proposition 9. Let n ^ 2, let x e {a, b}, and let y e {x, £}, where x = a n (resp. y = b"^ 1 ) if 
x = a (resp. x = b). Then Z B / RP 2)(y) = (x). 

Proof. Let x,x and y be as in the statement. By IIGG51 Corollary 4], Z P(i ( RP 2)(x) = (x) 

is finite (the result also holds if n = 2 since P?(RP 2 ) = Qs). It follows from the short 
exact sequence ([1]) that Z Bn( - K p2)(x) is finite, and the inclusion Z Bj;( - R p2)(x) c Z B mp2\(x) 
then implies that Z B mp2\(i/) is finite. Furthermore, Z(Z Bn( - K p2)(y)) r> (y), so the order 
of Z(Z Bn ( K p2)(y)) is at least 4. On the other hand, Z Bn ( RP 2)(y) clearly contains the cyclic 
group (x) of order 4(n — k), where k = (resp. k = 1) if x = a (resp. £ = which 
using IIGG61 Theorem 5] and the subgroup structure of dicyclic and the binary poly- 
hedral groups (for the latter, see IIGG71 Proposition 85] for example) is maximal as a 
finite cyclic group. Suppose that Z B mp2)(y) ¥= (x). This subgroup structure implies 
that Z Bn ( R p2)(y) would then be either dicyclic or binary polyhedral, and so its centre 
^(^B„(MP 2 )(y)) would be isomorphic to Z2. To see this, note that if G is a dicyclic (resp. 
binary polyhedral) group then it possesses a unique element g of order 2 that is central. 
If G s 0,8 then clearly Z(G) s Z2. So assume that G ^ Qs- Then G/ (g) is dihedral of 
order at least 6 (resp. isomorphic to one of A4, S4 and A5), and so its centre is trivial. It 
thus follows that Z(G) = (g), and so Z(G) s Z2. But y e Z(Z Bw mp2) (y)) by construction, 
and taking G = Z Bn ( R p2)(y) yields a contradiction since y is of order at least 4. We thus 
conclude that Z Bn ^ P 2\(x) = (x) as required. □ 

REMARK 10. In the proof of Proposition |9] we use MGG51 Corollary 4], whose proof de- 
pends (via IIGG51 Proposition 21] and IIGG51 Proposition 17] in the case n = 3) upon 
the characterisation of the conjugacy classes of elements of order 4 given in [GG2 , Pro- 
position 21(3)]. During the discussion leading to Theorem [6j[dJ, we realised that the 
statement of the latter result is not correct, and that there are in fact five conjugacy 
classes of elements of order 4 in B3(MP 2 ) (which give rise to four conjugacy classes of 
subgroups isomorphic to Z4), and not three. This does not however affect the validity 
of IIGG51 Corollary 4]. An erratum for IIGG21 Proposition 21(3)] will appear elsewhere. 

We then have the following result, which answers the question posed in IIGG51 Re- 
mark 22]. 

Proposition 11. Ifn ^ 2 then the number of conjugacy classes in B n (RP 2 ) of pure braids of 
order 4 is equal to (n — 2)\(2n — 1). 

Proof. Let {71, . . . , j n \} be a set of coset representatives of P n (MP 2 ) in B M (MP 2 ), let w e 
P n (MP ) be of order 4, and let [w] denote the conjugacy class of w in P M (MP 2 ). By HGG51 
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Proposition 10] and the short exact sequence dU), there exist 1 < i s% nl, e e {1, 1}, 
z e P„(MP 2 ) and x e {a n , b"- 1 } such that w = zjiX^z' 1 . Now HGG61 Proposition 15] 
implies that x is conjugate to in B W (RP 2 ), where x = a (resp. x = b) if x = a n (resp. 
x = b n ~ x ). Hence x and x^ 1 are conjugate in B W (1RP 2 ), and by picking a different coset 
representative 7; if necessary, we may suppose that e = 1, whence [w] = [jiXj^ 1 ]. 
Conversely each set l/ft^T,' ] represents a conjugacy class of elements of order 4 in 
P n (RP 2 ). We must thus count the number of such conjugacy classes in P„(1RP 2 ). First 
note that since a n and b n ~ x are sent to distinct elements of (B M (RP 2 )) Ab s Z2 © Z2 
under Abelianisation, [ r Yia n j^ 1 ] ^ [7/& n_1 77 ] for all 1 < z',/ ^ n. It thus suffices to 

enumerate the number of distinct conjugacy classes [7/X7 ( rl ] for each x e \a n , b" -1 }. 
Set k = (resp. = 1) if x = a" (resp. x = b n ~ l ). If 1 ^ z',/ ^ n\, we have: 

[7z' x 7r ] = uj x 7j ] =^ e Pn(RP ) such that hjiXj^f h~ = jjXjJ 

3fo g P M (RP 2 ) such that J^hji commutes with x 
<==> 3/z g P„(RP 2 ), 3/ g {0, 1, . . . ,4(n - k) - 1} such that j^hjf^x 1 
« 3fe' g P n (RP 2 ), 3Ze{0,l,...,4(n-fc) -1} such that ^7^7, = x Z 

<==> 31 g {0, 1, . . . ,4(n - k) - 1} such that x^fyj e P„(RP 2 ) 

31 g {0,1, . ..,4(n-k) -1} such that 71(7,) = nirt j){n{x)) 1 

71(7,) s 7r(7y) modulo (n(x)), 

where we have applied Proposition [9] to prove the equivalence of the second and third 
lines. This implies that the number of distinct conjugacy classes of the form [7*X7 ; rl ] is 
equal to [S n : (zr(x))]. But n(x) is an (n — fc)-cycle, and so there are nl/(n — k) such con- 
jugacy classes. Taking the sum over x g {a, b), it follows that the number of conjugacy 
classes in B M (RP 2 ) of pure braids of order 4 is given by: 

nl nl (2n-l)n! , _ w _ 

— + = —, -T- = (n - 2) U2n - 1) 

n n-1 n(n-l) v ;v ; 

as required. □ 



5 The mapping class groups of M = D 2 , § 2 , RP 2 

Let M be a compact, connected surface, perhaps with boundary, and let X be an n-point 
subset lying in the interior of M. If M is orientable (resp. non-orientable), we recall that 
the n th mapping class group of M, denoted by MCQ(M,n), is defined to be the set of 
isotopy classes of orientation-preserving homeomorphisms (resp. homeomorphisms) 
of M that leave X invariant and are the identity on the boundary, and where the iso- 
topies leave both X and the boundary fixed pointwise. Note that up to isomorphism, 
AiCQ(M, n) does not depend on the choice of marked points X. The n th pure map- 
ping class group of M, denoted by VMCQ (M, n), is the normal subgroup of MCQ (M, n) 
given by imposing the condition that the homeomorphisms fix the set X pointwise. 
This gives rise to a short exact sequence similar to that of (d): 

l—^VMCg(M,n)—+MCg{M,n)-Z+S„—+l. (20) 
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In the case where M is the 2-disc D 2 , it is well known that MCQ(B 2 ,n) ^ B„ [Bi2J. 
If we relax the hypothesis in the definition of A4CQ(Ti) 2 ,n) that the isotopies fix the 
boundary then we obtain a group that we denote by MCg d {lf;n) , which is isomorphic 
to B„/<A 2 > (if n > 3 then Z(B n ) = <A 2 >). We let PMCG d (B 2 ,n) denote the associated 
pure mapping class group. 

Let n ^ 2. A first application of our results to MCQgip 1 , n) as well as to MCQ (M, n), 
M being § 2 or MP 2 , is obtained using the fact that the mapping class group in question 
is the quotient of the corresponding braid group by (A 2 ) |EH IMat TMKSl IScl . Further, 
we have the following commutative diagram of short exact sequences: 



<A 2 n> <A 2 W > 

1 P n (M) B n (M) S n 1 

1 VMCG{M, n) MCQ{M, n) -^U- S n 1, 

u 

1 1 

where the two vertical short exact sequences are obtained by taking the quotient of the 
(pure) braid groups of M by {A 2 ). A similar diagram may be constructed for B n and 

MCg d (B 2 ,n). 

Let us start by considering the case of the mapping class groups MCg d {B 2 ,n) and 
VMCQaip*, n) of the disc. 

Proposition 12. Let n^2. 

(a) We have: 

G{MCG 8 {^ 2 ,n)) = TG(MCg d {1D) 2 ,n)) = 

Furthermore, NG(MCG d (B 2 , 2)) = NTG(MCg 6 i(D 2 ,2)) = l,and 

NG(MCg d(B 2 ,n)) = 1 and NTG(MCg d (B 2 ,n)) = 2 for all n ^ 3. 

(b) NG{VMCg e {J5> 2 ,n)) = G(7?MC^(D 2 ,tt)) = G(VMCg d {^ 2 ,n) Ah ) = n{n -l)/2-l. 

REMARK 13. Let n ^ 2. Then the group VMCg d (D 2 r n) P„/<A 2 > is torsion free. 
To see this, first note that if n = 2, we have P2 = {A 2 ;) = (^i), and the result is 
clear. So suppose that n ^ 3. Recall from [GGll Theorem 4(ii)] that the projection 
P n — ► P2 given geometrically by forgetting all but the first two strings gives rise to the 
isomorphism P„ s Z P„_2(B 2 \ {x\, X2}), where the Z-factor is generated by A 2 . Thus 
P n / (ft) s P n _2(K |2 \ {x\, X2}), which is well known to be torsion free. 
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Proof of Proposition |22| Iflfn = 2 then the statements follow easily because M.CQ$(J$-, 2) s 
B 2 /<A^> = <£Ti>/(^) s Z 2 and 7^MC^ 5 (D 2 ,2) is trivial. So from now on, we suppose 
that n ^ 3. 

(a) The equality G(.MC£/ ( ?(0 2 , n)) = 2 follows from Propositions HUa} and|8] as well as 
the surjectivity of the homomorphisms B n — > MCQdijf-, n) and n : MCQd(p 2 , n) — ► S„, 
the second implying that A4CQ$(B 2 , n) is non cyclic. 

To see that TG(MCG d (B 2 ,n)) = 2, the proof of Proposition HUD implies that B n = 
(c" M _i, where kq = o~\ ■ ■ ■ cr n -\, but c n -\ = &q l ot\, where ct\ = o~\ ■ ■ ■ o~ 2 _ v so B n = 
(oco,Oii), and thus A4CQd(H) 2 ,n) = (ao,ai), where !xq and ai denote the ^A 2 )-cosets of 
ocq and cc\ respectively. But ao and ai are of finite order in AiCQ^CB 2 , n), of order n and 
n — 1 respectively (see [HUH or MGWi Lemma 3.1]), and so individually do not generate 
M.CQq(P 2 , n). The result then follows by applying the inequality (0). 

The equality NG(.MC£^(D 2 , n)) = 1 is a straightforward consequence of the second 
part of Proposition HJ|1}, that B n = ((ci)), and Proposition HI It remains to show that 
NTG(MCG d (B 2 ,n)) = 2. To do so, let a e MCQ d (B 2 ,n) be an element of finite or- 
der, and let cp : MCQ d {^> 2 , n) — > ( MCQ e (^ 2 , n)) Ah denote Abelianisation. Identifying 
MCg d (B 2 , n) with B n /<A 2 >, and using the fact that 

A« = (Cl • • • 0~n~l) n , (21) 

as well as the standard presentation © and © of B n , we see that (MCQ a(D 2 ,n)) Ah s 
^w(w-i) is generated by the element q>(<Tj) for all / = l,...,n — 1. Applying IIGWl 
Lemma 3.1], it follows that there exists i e {0,1} such that a e ((#7))/ so ((a)) c ((#7)), 
and hence (<p(«)) <= (<p(a7)). But <p(fl7) = n — 1 + z in Z w ( n _ 1 ), so (<p(a)) c (<p(oq)) g 
(MC^(B 2 ,H)) Ab . We conclude that ««» g MCQ d i^ 2 ,n), and NTG(AfC^ (5 (D 2 ,n)) > 
1. The result then follows from equation (fTO]) and the previous paragraph. 

(b) From the proof of Proposition Hflb]), H\{P n ) = P n Ah is a free Abelian group of rank 
n(n — l)/2 with a basis comprised of the classes of the elements An given by equa- 
tion ((T3l> , where 1 < i < j < n. Recall that if 1 — > K — > G — > Q — ► 1 is an extension 
of groups then we have a 6-term exact sequence 

H 2 (G) — H 2 (Q) — K/[G,K] — Hj(G) — Hj(Q) — 1 

due to Stallings IfBrllStl . Thus the central short exact sequence 1 — ► {A. 2 ) — * Pw — * 
VAiCQs(p 2 , n) — > 1 gives rise to the following exact sequence: 

H 2 (P n ) — H 2 (VMCg d (B 2 ,n)) — ^A 2 ) -t. Hi(P„) — H^PMC^^ID) 2 ^)) — 1, 

where i/?: {A 2 ) — ► Hi(P M ) is the homomorphism induced by the inclusion {A 2 ) — > 
P n . Now 

n-1 

A 2 n = Y\(A lii+1 ---A hn ), (22) 

i=l 

and using the description of P n Ah , we see that Im (ip) is generated by a primitive ele- 
ment of P n Ab . The isomorphism Hi (P„ ) / Im (j/?) s Hi (VMCQq (D 2 , n) ) then implies that 
G(P.MC£ a (B 2 , n) Ab ) = n(n - 1)/2 - 1, and thus 

G(7?MC£ f i(B 2 ,n)) > NG(VMCG d {J5) 2 ,n)) ^ n(n - l)/2 - 1 (23) 
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by Proposition^ Using equation (|22|) once more, the quotient VM.CQ ^(O 2 , ft) = P n j {A 2 
admits a generating set consisting of all but one of the <(A 2 )-cosets of the An, and thus 
(n - l)/2 - 1 > G(P.MC£ 5 (D 2 , n)). The result then follows from equation (23). 



□ 



As we mentioned above, if n ^ 2, .MC(? (S 2 , n) (resp. TlMCt? (S 2 , n)) is isomorphic to 
B n (S 2 )/ <A 2 > (resp. P n (S 2 ) / (A 2 >). We obtain a result similar to that of parts © and © 
of Theorem |5l 

Proposition 14. 

Ca) if ft ^ 3 is odd then ((oT» = M.CQ (§ 2 , n). In particular, M.CQ (S 2 , w) is strongly (n — 1)- 
torsion generated. 

(b) Ifn^A is even, there is no torsion element in AiCQ(S 2 , n) whose normal closure is equal 
to M.CQ{S 2 ,n). Further, the quotient M.CQ{S 2 ,n) is isomorphic to 7Lj_- 

(c) For all n ^ 3 and for i = 0,2, the quotient M.CQ{S 2 ,n) is isomorphic to Z M _ 1 , 
unless n = 3 and i = 2, in which case A1C^(S 2 ,3)/((a2)) s .MC£/(§ 2 ,3) = S3. 

Proof. For z' = 0, 1, 2, let a z - be the finite order element of B n (S 2 ) defined in the statement 
of TheoremCD By ||GVB|1 , the image aj of a ; under the projection B„ (S 2 ) — > MCQ (§ 2 , w) 
is of order n — i. Since = A 2 , A 2 e and we obtain the following commutative 
diagram of short exact sequences: 



<a 2 „; 



1 — «*,■» 



1 — « 



B„(§ 2 



B w (S 2 )/« ai » 



(24) 



MCG(S 2 , n) MCQ (S 2 , n) 1. 



The proposition then follows from Theorem |5l0) and (jd), using the fact in part © that 
every torsion element of MCQ (§ 2 , n) is conjugate to a power of one of the o7([|Ej. |Kj] 
or idWi Lemma 3.1]). □ 

For the mapping class groups of S 2 , we thus obtain results similar to those of The- 
orem[5l|aj) (jcj) and ((ej). In the case of the pure mapping class groups, equation (flB) implies 
that VMCQ($ 2 ,n) s P„(§ 2 ) /<A 2 > is isomorphic to P M _ 3 (§ 2 ), which is torsion free. 

Theorem 15. Let n>3. 

(a) G{MCQ(S 2 ,n)) = 2, NG(MCQ(S 2 ,n)) = 1 and TG(MCQ(S 2 ,n)) = 2. 



(b) NTG(MCQ(S 2 ,n)) 



1 if n is odd 

2 if n is even. 



(c) G(PMCQ(S z ,n)) = NG(VMCQ(S z ,n)) = G(VMCQ(S z ,n)) Ab = n(n -3)/2 
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Proof. 

(a) The equalities follow from Theorem |5l|aj), using equation ((D, Proposition [8] applied 
to the epimorphism B„(§ 2 ) — ► MCQ{§ 2 , n), and the fact that MCQ{S 2 , n) is non cyclic. 

(b) If n is odd then the result is given by Proposition ITiljal) . So suppose that n is even. 
Proposition [HE) implies that NTG (MCQ(S 2 ,n)) > 1, and the result then follows from 
part (|aj) and equation (|T0|) . 

(c) From equation ((15) and Theorem ISKeJ), we have that VAiCQ(S 2 ,n) s P„„3(§ 2 ) and 
G(P.MC0(§ 2 ,n)) = n(n - 3)/2. We saw in the proof of Theorem |5|g) that 

(P M _ 3 (§ 2 \{xi,x 2/ x 3 })) Ab = % n{n - m , 

so G(PAiCQ(S 2 ,n)) Ah = n(n — 3)/2. The remaining equality is a consequence of Pro- 
position m □ 

We now turn to the case of the mapping class groups of the projective plane. Let 
n > 2. If x e B„(RP 2 ), let x denote its image in the quotient of B„(RP 2 ) by <A 2 ), 
which we identify with AiCQ(RP 2 ,n). The Abelianisation of B M (RP 2 ) is isomorphic to 
Z 2 © Z 2 , where the first (resp. second) factor identifies all of the generators o~\ (resp. pi) 
of the presentation given by Proposition |2l Since the Abelianisation of A 2 is trivial by 
equation fl21), the fact that MCG(RP 2 , n) s B„(RP 2 ) /<A 2 ) implies that the Abelianisa- 
tion of M.CQ (RP 2 , n) is also isomorphic to Z 2 © Z 2 , where the first (resp. second) factor 
identifies all of the generators al (resp. jo7) of M.CQ (MP 2 , n). 

Proposition 16. Lef n > 2. 

(a) Let a and b be as defined in equation 0. Then the group M.CQ (RP 2 , n) is generated by the 
elements a and b, which are of order In and 2(n — 1) respectively. 

(b) G(MCg(RP 2 ,n)) = 7G(MCg(RP 2 ,n)) = 2. 

(c) The normal closure of any element of M.CQ (RP 2 , n) is a proper subgroup of M.CQ (RP 2 , n), 
and NTG{MCG(RP 2 ,n)) = NG(AtC^(RP 2 ,n)) = 2. In particular, MCG(RP 2 ,n) is not 
strongly k-torsion generated for any hN. 

(d) The quotient of M.CQ (RP 2 , n) by either ((a)) or ((&)) is isomorphic to Z 2 . 
Proof. 

(a) This follows immediately from Theorem [65a]), the fact that a and b are of order 4n 
and 4(n — 1) respectively, as well as the uniqueness of A 2 as an element of order 2 of 
BJRP 2 ) BGG21 Proposition 231. 

(b) Part (H) and equation ® imply that G(MCG(RP 2 , n)) s; TG(A^C^(RP 2 ,n)) < 2. 
On the other hand, AiCQ(RP 2 , n) is not cyclic since its Abelianisation is Z 2 © Z 2 , and 
so G(A^C^(RP 2 , n)) > 1, which yields the result. 

(c) The first part follows from Proposition |8] and the fact that the Abelianisation of 
B„(RP 2 ) is Z 2 © Z 2 , which implies that NG(.MC£(RP 2 ,tt)) > 1. The given equalities 
then follow from part © and equations ® and ((TO)) . 

id) The result is a consequence of Theorem[6ljcj) and the commutative diagram (|24|) with 
S 2 replaced by RP 2 , and a,- replaced by either aorb. □ 

Finally, we study the situation for the pure mapping class of RP 2 . 
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Proposition 17. Let nel Then VMCQ(RP 2 ,n) is torsion generated by the set of torsion 
elements ^a n ,b n 1 ,ab n 1 ~a~ 1 ,---,a n ~ 2 b n a 2 ~ n \ of order 2, and 

G(VMCG(RP 2 ,n)) = NG(VMCg(RP 2 ,n)) = TG(VMCG(RP 2 ,n)) 
= NTG(VMCG(RP 2 ,n)) = n. 

In particular, VM.CQ (MP 2 , n) cannot be normally generated by any subset containing less than 
n elements. 

Proof. The first part is a consequence of the corresponding statement for P n (MP 2 ) given 
in Theorem [6pl>, the surjectivity of the homomorphism P„(MP 2 ) — > VMCQ{RP 2 ,n) 
and the uniqueness of A 2 as an element of order 2 of P M (MP 2 ). This implies that 

TG(VMCQ(RP 2 ,n)) < n. 

For the second part, recall from that proof of Theorem 00) that (P„(MP 2 )) Ab s Z2J. 
Since the Abelianisation of A 2 is trivial, as in the case of A4CQ(WP 2 , n) we have that 
(P w (MP 2 )) Ab s (VMCg(^LP 2 ,n)) Ah , which implies that NG(PMCG(RP 2 ,n)) ^ n us- 
ing Proposition [8j The given equalities then follow immediately from equations © 
and©. □ 



6 The action of B n (S) on the universal covering of F n (M), 
M = § 2 , RP 2 

In this section we give another application of our results to the study of the action 
of the braid groups of § 2 and MP 2 on the homology of the universal covering of the 
associated configuration spaces. If Z w is a finite-dimensional CW-complex that has the 
homotopy type of the n-sphere §" and if G is a group that acts on E M , it is interesting 
to know whether the homomorphism induced by each element of G on H n (L n ; Z) = Z 
is trivial (i.e. is the identity, Id) or not (i.e. is Id). As the example of the action of Z on 
S 1 x R given by t(z, n) = (z,t + n) shows, z denoting complex conjugation, in general 
the induced homomorphism is non trivial. In this section, we will show that if M = S 2 

or MP 2 , the group B n (M) acts trivially on H 3 (fJJa);Z). 

If X is a path-connected space that admits a universal covering X, it is well known 
that the fundamental group 7t\ (X) of X acts freely on X. If M = § 2 (resp. M = MP 2 ) and 
n ^ 3 (resp. n ^ 2), the ordered and unordered configuration spaces F n (M) and D„(M) 
of M are finite-dimensional manifolds of dimension 2n, and their universal coverings 

FJJA) and L\(M), which in fact coincide, have the homotopy type of S 3 BBCPllFZllGG7l 
(resp. [GG2j). Although the method of our proof of Proposition |7] for the braid groups 
does not apply to the case of P M (§ 2 ) since this group is not torsion generated, the result 
itself is certainly true because P n (§ 2 ) is a subgroup of B n (S 2 ). On the other hand, our 
method also applies directly to P W (MP 2 ) since it is torsion generated. 

Proof of Proposition^ It suffices to prove the result for H = B n (M). From the proof 
of flBrl Proposition 10.2, VII.10], a finite-order element of a group G that acts freely 
on a finite-dimensional homotopy (or homology) sphere X whose homotopy type is 
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that of S 2m_1 acts trivially on the infinite cyclic group H2 n _i(X;Z). As we mentioned 

above, F n (M) is a finite-dimensional complex that coincides with D n (M) and that has 

the homotopy type of S 3 . Further, B n (M) = K\{D n (M)) acts freely on D M (M), and 
B n (S 2 ) (resp. B n (WP 2 )) is torsion generated by |GG3, Theorem 3] (resp. Theorem [6ttaJ)). 
Thus any element x of B n (M) is a product of a finite number of elements of finite order, 

and so its action on D n (M) induces the identity on H^(D n (M); Z) because this action is 



the composition of homomorphisms, each of which is the identity by the result of [BrJ 



mentioned above. □ 
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